We demonstrate a powerful and practical spectral interferometer with near-field scanning microscopy (NSOM) probes for measuring the spatiotemporal electric field of tightly focused ultrashort pulses with high spatial and spectral resolution. Our measurements involved numerical apertures as high as 0.44 and yielded the spatiotemporal field at and around the foci produced by two microscope objectives and several different lenses. For the first time, we measure the spatiotemporal field of the Bessel-like Xshaped pulse caused by spherical aberrations and a "fore-runner pulse" due to chromatic aberrations. We observed spatial features smaller than 1μm and verified these results with non-paraxial simulations.
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Introduction
Theoretical studies have shown that very complicated distortions can occur when ultrashort pulses are focused due to commonly occurring, and difficult-to-avoid lens aberrations [1] [2] [3] [4] [5] [6] [7] [8] . For example, the presence of an additional pulse well ahead of the main pulse-the so called "fore-runner pulse" or "boundary-wave pulse"-has been predicted to occur at the focus when chromatic aberrations are present and the lens is overfilled [3, 9] . Calculations have also shown that severe spherical aberrations result in Bessel-like pulses (meaning that they have similar properties to "x pulses" such as those described in [10]), which have spatiotemporal intensities shaped like an "X" [5, 8] . Other effects such as radially varying group-delay dispersion, or a pulse that is more chirped at its center than on its sides, are expected to occur at the foci of some lenses. Because focused-pulse distortions are usually spatiotemporal and so require a spatiotemporal measurement technique simultaneously having submicron spatial resolution, femtosecond temporal resolution, and high spectral resolution, many of these distortions have never been directly observed.
Indeed, the focus is a very important place to measure a pulse because this is where most experiments take place so the quality of experiments often greatly depends on the pulse's properties there. For example, in multi-photon microscopy, the resolution of the microscope depends on the spot size of the focus, and the two-photon excitation efficiency (and hence the microscope sensitivity) depends on the pulse duration. As a result, a transform-limited pulse and diffraction limited spot size are usually desired. Ultrafast micro-machining has similar requirements. When spatiotemporal distortions are present, such as those that can result from lens aberrations, it is difficult to compress the pulse, and a two-dimensional, or a spatiotemporal pulse compressor is needed.
Most pulse measurement techniques [11, 12] , can only measure the pulse's temporal intensity and phase averaged over the focused spot size and therefore yield no information about the spatiotemporal couplings. Two-dimensional spectral interferometry (2DSI), and variations on holography can be used to measure the spatiotemporal field of an ultrashort pulse [13] [14] [15] , but these measurements cannot be made directly at the focus. These techniques can be used to indirectly characterize focused pulses by measuring the spatiotemporal field of the recollimated beam and then numerically back propagating this field to the focus [14] . The disadvantage to this approach is that the recollimation must be perfect and the numerical method for back propagating has to be trusted.
The technique of Interferometric Photon Scanning Tunneling Microscopy can measure the spatiotemporal field of ultrashort pulses with high spatial resolution [16] [17] [18] [19] , although this technique has never been used to measure focusing pulses. Also, this technique is a timedomain linear-interferometric technique, so it has the disadvantage that scanning is required to obtain temporal information.
Recently we introduced a simple and convenient method for directly measuring the spatiotemporal field of focusing ultrashort pulses, which is a variation on a technique we developed, called SEA TADPOLE, or Spatially Encoded Arrangement for Temporal Analysis by Dispersing a Pair of Light E-fields [20] [21] [22] . SEA TADPOLE is an experimentally simplified and high-spectral-resolution version of spectral interferometry [23] . SEA TADPOLE is a linear optical techniques that involves temporally overlapping and crossing the unknown pulse with a reference pulse in order to measure E(ω) for pulses that are potentially complicated (in time or frequency), such as shaped pulses. Fiber optics are used to introduce the beams into the device, which makes it easy to align. Using crossed-beams allows E(ω) to be retrieved without losing spectral resolution [24] [25] [26] [27] , so that very complicated, long pulses can be measured. Using SEA TADPOLE, we have been able to measure pulses with time-bandwidth products of 400 [22] .
Because the entrance to SEA TADPOLE is a single-mode optical fiber, it also has spatial resolution, which is limited only by the fiber mode diameter (in our initial work, we used a fiber with a 5.4-μm diameter). By scanning the fiber in space and making many measurements of E(ω) at different positions all along the focusing beam's cross section, we have used this device to measure the spatiotemporal electric field of pulses [21] . As long as the focus to be measured has a numerical aperture (NA) less than that of the fiber, SEA TADPOLE has sufficient spatial resolution and acceptance angle to measure the spatiotemporal electric field of a focusing pulse. This has allowed us to measure the spatiotemporal field of focused pulses with NA's of up the 0.12 or with focused spot sizes larger than 5.4μm.
Here we introduce a new version of SEA TADPOLE, which uses an NSOM (Near Field Scanning Optical Microscopy) fiber probe in place of the single mode optical fiber to extend our spatial resolution to be < 1 μ m [28, 29] . NSOM has been used in the past to measure the spatial intensity distribution of tightly focused continuous-wave lasers [30] . Using an NSOM probe with an aperture diameter of 500 nm, we have measured E (x,y,z,t) for focused pulses Using this device we observe some of the severe focused-pulse distortions previously predicted, but never directly observed, such as radially varying group-delay dispersion, an "X-shaped pulse", and the "forerunner pulse."
Experimental setup
To measure E(λ) at one position, a reference pulse is coupled into a single-mode optical fiber, and the focusing pulse is sampled with a nearly-identical fiber that has an NSOM probe at its sampling end. At their outputs, the two fibers are placed on top of one another, and the light diverging from the two fibers is collimated with a single lens. This not only collimates the beams, but also causes them to cross so that they interfere, and we place a camera at the crossing point to record their interference. In the other transverse dimension, a lens maps wavelength onto the horizontal position of a camera, so that he camera records a twodimensional trace I(x c ,λ), where x c is the camera pixel along the vertical dimension. The electric field of the unknown pulse at that NSOM probe position is then reconstructed using Fourier filtering along the x c axis, as described in references [20, 22, 27] .
To measure the spatio-temporal electric field of a focusing ultrashort pulse we mount the NSOM probe end of the fiber to an x-y-z scanning stage as illustrated in Fig.1 . Fig. 1 . NSOM-Scanning SEA TADPOLE experimental setup: An NSOM fiber samples the focusing pulse. The reference pulse is coupled into an identical fiber without an NSOM probe on its end. At the outputs of the fibers, the diverging beams are collimated using a spherical lens (f). After propagating a distance f, the collimated beams cross, and a camera records the resulting interference. In the other dimension, a grating and a lens map wavelength onto the camera's horizontal axis (x c ). The NSOM probe is scanned in x and z, so that E(x,z,λ) is measured.
The NSOM probe must have an aperture diameter smaller than the focus so that it collects light from the focusing beam over a small area (given by the area of the aperture), or essentially at one point within the focus. This allows us to measure an interferogram at many positions of the focusing beam by scanning the NSOM tip longitudinally and transversely, so that we can measure an interferogram at many locations within the focus. From each interferogram we reconstruct E(λ) for its corresponding location, which yields (after Fourier transforming to the time domain) E(x,y,z,t) around the focus, just as we did with the singlemode fiber in our previous work [21] .
The NSOM fiber probes that we use were purchased from Nanonics. These are made by tapering one end of a single mode fiber (the fiber is the same kind of fiber that we use in the reference arm). The end of the taper is coated using chromium and gold and a small aperture or hole is left uncoated. In our experiments so far, we have used probes with aperture diameters of 500 nm and 1 μ m because these were sufficient to measure the pulses that we were interested in. Though in principle, even the smallest aperture NSOM probes could be used in SEA TADPOLE to achieve even higher spatial resolution.
SEA TADPOLE, like all linear interferometers, measures the spectral-phase difference between the two arms of the interferometer. The phase of the reference pulse can be removed from this difference to isolate the phase of the unknown pulse. Or if one is interested in the phase introduced by some element that is in the unknown arm of the interferometer, then the phase difference will provide this. In this work, we desire the spectral phase introduced by a lens (at every position within the focus), so, from each interferogram, we retrieve the spectralphase difference between the two arms of the interferometer.
Characterizing the NSOM probes
As discussed previously [20, 21] , when sampling a focusing beam, the aperture diameter must be smaller than the focused spot size. This simultaneously provides sufficient spatial resolution and acceptance angle. Thus, a small enough NSOM probe will accurately spatially resolve the focusing pulse and collect all of the k-vectors from the focus [20] .
Because NSOM fiber probes are difficult to manufacture and easy to damage, it is important to characterize the probe (that is, measure its transfer function) before making any measurements to assure that the probe will not introduce artifacts in the measurement, and this characterization can be done is several different ways (for example see [29] ).
Here we make the measurement by sending a collimated Gaussian beam into the small probe end and measuring the transmitted intensity as a function of the angle that the probe's axis makes with the beam's axis [31] . Because the Gaussian beam is 1000 times or more larger than the probe diameter, it is essentially a plane wave and, therefore, any change in intensity with angle, is due to the NSOM tip transfer function. We only measured the onedimensional transfer function and so only rotated the probe in the plane of the table. This was sufficient for our measurements (see section 4) of focusing pulses due to the rotational symmetry present Figure 2 shows the results of this measurement for two different NSOM fiber probes. The image on the right shows the transfer function for a 1μm probe that has a very complicated transfer function. This probe would angularly filter the focusing pulse in a complicated way and is therefore not suitable for our measurements. This probe was likely bumped and damaged. The measurement on the left shows a much smoother and broader transfer function. As we have discussed earlier, provided that the NA of the focused beam is less than the NA of the sampling NSOM fiber probe (which we took to be the sine of the half width at 1/e 2 of the maximum of the transfer function), the probe will collect essentially all of the k-vectors of the light at the given point in space and therefore will sample the beam reasonable well [21] . Therefore, using this probe we can measure foci with numerical apertures less than 0.5. The transfer function shown on the left was smoothed using a window size of 3 points to remove measurement noise.
Because this is an intensity measurement, it will not tell us if the transfer function is complex (has variations in its imaginary component), which would correspond to a variation in the phase of the light collected as a function of angle. A badly distorted probe (such as the one shown on the right of Fig, 2) , which is not perfectly opaque outside of the aperture, could have a complex-valued transfer function. But as long as the NSOM probe really is an aperture, then its transfer function should be purely real. The measured transfer function for the 500-nm aperture indicates that this NSOM probe is not distorted, and therefore it is safe to assume that its transfer function is, not only smooth and broad, but also real. Our results corroborate this conclusion (see section 4).
Another potential source of error in our measurements is spectral filtering of the collected light by the NSOM probe (the probe could, in principle, collect some colors more efficiently than others), but we made spectral transmission measurements, as well, and confirmed that ours did not. Previous papers have also reported that NSOM probes do not change the spectrum as long as the power is low enough to avoid nonlinear effects, which it is here [32, 33] .
Experimental results
Using the 500-nm-aperture diameter NSOM fiber probe that we characterized (shown on the left in Fig.2 ) above, we measured the spatiotemporal field of foci from several different lenses in order to test our method.
In all of these measurements, we used our KM Labs Ti:Sa oscillator, which had a bandwidth of 20 nm (FWHM) or 50 nm for the X-pulse measurement, and we never introduced more than 10 mW into the NSOM probe (as suggested by Nanonics) to avoid damaging it. As explained in section 2, because we measure the phase introduced by the lens, any spectral phase that the input pulse has, cancels in the measurement and the pulse that we measure is effectively transform limited before the lens (47fs, or 19fs). The temporal resolution in our measurement is given by the inverse of the spectral range of the spectrometer and this was 12fs, though we generally zero fill the spectral electric field before Fourier transforming to the time domain using around 1000 zeros to smooth out the measured temporal intensities. The beam and all of the lenses that we used had rotational symmetry, so measuring E(x,z,t) was sufficient to test our method, and we only measured E(x,z,t), although we can also easily scan in y in the future if necessary. To scan the NSOM probe, we used motorized actuators, which had a minimum step size of 200 nm or better. All other experimental details for SEA TADPOLE can be found in previous references [20] [21] [22] .
Microscope objectives
As our first experimental test, we focused the beam using two different aberration corrected microscope objectives and measured E(x,z,t) at and around the focus (or the point where the beam had its smallest spot size). Because the parameters for these objectives are proprietary, we could not perform simulations to verify these results. But, even though these objectives are designed for the visible, they have significantly less aberrations than singlet lenses and instead have significant group delay dispersion (GDD) due to the large amount of glass in their multiple elements [8] . Therefore we made these measurements to verify that the focus from the microscope objectives that we measured showed a relatively smooth, small, and flat pulse front (as determined by previous simulation [8]), which would indicate that the NSOM probe was accurately sampling the focusing beam. The pulse fronts for this measurement (and for the 20x objective) are flat because the measurements were made so close to the focus.
The first objective that we used was a 10x (f = 16.5 mm, clear aperture diameter = 7.5 mm) microscope objective, and Fig. 3 shows the results of this measurement. Fig. 3 . Measured E(x,z,t) for a pulse focused with a 10x microscope objective. Each box shows the E(x,t) at a certain distance from the focus (z) which is written above the box. The (false) color in the plot is the instantaneous frequency of the pulse as indicated by the color bar.
Each box in Fig. 3 shows the pulse's amplitude as function of t and x (the transverse position) at a certain distance from the focus (or the point where then beams spot size was the smallest). The color in the plot shows the instantaneous frequency of the pulse as indicated by the color bar.
The main distortion seen in the focus is that the redder colors precede the bluer colors, or that the pulse is chirped, as expected from the GDD introduced by the multi-element, aberration-corrected refractive lens. Interestingly, the center part of the beam is more chirped than the sides-due to the radially varying GDD-which is also expected considering that the center of the objective contains more glass than the sides (especially apparent at z = -40 and -20). Other than these two distortions, the pulse front is fairly smooth, as expected. The spot size of the intensity averaged over time at the focus of this objective has a FWHM of 3μm.
We measured the focus of a similar, but higher NA, objective (20x, f = 9 mm, clear aperture diameter = 6 mm), and the results of this measurements are shown in Fig. 4 . . Measured E(x,z,t) for a pulse focused with a 20x microscope objective. Each box shows the E(x,t) at a certain distance from the focus (z) which is written above the box. The color in the plot is the color of the pulse as indicated by the color bar.
As with the 10x objective, the main distortion seen in the focused pulse is chirp. The pulse from this objective looks more chirped than that from the 10x objective which is expected considering that a higher NA objective probably contains more glass. Also, the focused spot of the intensity averaged over t had a FWHM of 1.8μm.
In both of the above measurements, we focused the ~1mm beam directly out of the oscillator, which we routinely monitor using a Swamp Optics GRENOUILLE, which shows it to be free of pulse-front tilt and spatial chirp. As in previous work, our measurements confirm that this beam was also free of other spatiotemporal distortions [20, 21, 34] . Were this not the case, then our SEA TADPOLE measurements would show these distortions as well as those introduced by the lens.
Finally, because the beam was much smaller than the clear aperture of the objectives, no edge diffraction effects are seen in these measurements.
Singlet lenses
For the next two measurements, we used a telescope to increase the beam's spot size by a factor of four, yielding a FWHM of 4 mm at the focusing lens. To ensure that minimal aberrations were introduced by the telescope we put a 25-μm pinhole at the focus of the telescope to spatially filter the beam. This filter also removed any spatiotemporal distortions that may have been present before the telescope. The telescope consisted of two planoconvex lenses with focal lengths of 100 mm (25-mm diameter) and 400-mm (50-mm diameter). The spatial filter did not remove any aberrations introduced by the second lens (the 400mm focal length lens), but because this lens has such a low NA, its aberrations are negligible.
To test our measurements, we also numerically propagated the fields through these lenses using all of the experimental parameters. We performed the simulations using the method described in this reference [8] , which does not use the paraxial approximation and is therefore valid as long as the scalar approximation is valid or for NAs up to 0.7. We assumed that the field was Gaussian in time and space, so minor discrepancies between the simulations and the measurements could have been due to this assumption.
We measured E(x,z,t) for a pulse focused using an SF11 plano-convex lens, with a diameter of 12 mm and a focal length of 12 mm. The NA of this focus was 0.28 (using the standard definition for Gaussian beams, which is the radius of beam at 1/e 2 of its peak intensity, divided by the focal length). Figure 5 shows the results of this measurement at the top, and the results of the simulations are shown at the bottom. The results shown in Fig. 5 show good agreement between the simulation and the experiment. In these plots, z = 0 is defined as the geometric focus, which we find using the simulations. Because of the material dispersion introduced by the lens, the redder colors precede bluer colors. The ripples that are seen before the focus are due to the large spherical aberrations. The smallest of these ripples has a width of 1 μ m (looking at the FWHM of a ripple in the intensity versus x at one t), which illustrates our high spatial resolution.
We also measured a pulse focused with a similar plano-convex lens made of BK7 with a focal length of 15 mm and a diameter of 12 mm. The purpose of this measurement was to observe the Bessel-like X-shaped pulse that occurs before the geometric focus due to spherical aberrations [5] . The BK7 lens has about the same amount of spherical aberration as the SF11 lens, but much less GDD (by a factor of ~ 3), which makes it easier to observe this distortion. We also increased the bandwidth of our laser to 50 nm (FWHM) when making this measurement. Figure 6 shows the results of the simulation and the measurement for this focus. For this measurement we plotted |E(x,z,t)| (the amplitude as opposed to the intensity) of the focusing pulse and not the phase so that the shape of the pulse could be more easily seen. The color in these plots represents the normalized intensity as indicated by the color bar. The phase of this pulse simply showed that there was positive GDD and we found good agreement between the simulations and the measurements for this. The measurements and the simulations shown in Fig. 6 for the intensity are in good agreement; both show the presence of a Bessel-like pulse between 0.9 and 0.5 mm before the geometric focus. As reported in a previous theoretical paper, extreme spherical aberrations result in a Bessel-like pulse (characterized by the "X-shape") between the marginal (z=-3mm) and the paraxial focus (z = 0) [5, 8] . As far as 0.9mm away (and all the way to the marginal focus) from the geometric focus, most of the pulse's energy is confined within a 1-μm spot size. It is also interesting to note that the "X-shaped" part of the pulse travels faster than the main pulse front and therefore faster than the speed of light. This is allowed because the "Xshaped" intensity pattern is due to interference, so it does not carry any energy [8] . This pulse is different from a real Bessel pulse because its spatiotemporal shape and speed of propagation change a little as it propagates, and the Bessel-like pulse only exists between the paraxial and the marginal foci [8] .
The next measurement that we made was of the focus produced by a New Focus aspheric lens made of CO550 glass with a focal length of 8 mm, an aperture diameter of 8 mm; the focus had an NA of 0.44. To determine the aberrations in this lens for the simulations, we performed ray tracing using OSLO[35] and used the lens parameters provided by New Focus. Because this lens is designed to be used with a glass cover slip, which we did not use in our Figure 7 shows the results of the measurement. Fig. 7. Measured E(x, z, t) for a pulse focused with a 0.44 NA aspheric lens. Each box shows E(x,t) a certain distance from the focus (z) written above the box. In addition to the distortions seen in our previous measurements, here the color also varies along the x direction due to the severe chromatic aberrations that are present. The combination of overfilling the lens and chromatic aberrations result in the additional "fore-runner" pulse ahead of the main pulse before the focus.
Again, the results of the simulation and the experiment are in good agreement. The color varies with time due to GDD and also with the transverse position x due to chromatic aberrations. Also the redder colors focus later than the bluer colors, so before the focus the blue is at the center and the red is on the edges of the pulse.
The most striking feature in this data is the presence of the additional pulse, the so called "fore-runner pulse" than can be seen before the focus. This additional pulse results from the combination of diffraction at the edge of the lens and chromatic aberration [3, 8] . The "forerunner pulse", like the "x-shaped" pulse, travels faster than the main pulse front meaning that it is traveling faster than the speed of light. Again, because this additional pulse is the result of interference, it does not carry any energy, so this does not violate the theory of relativity [8] . The FWHM of the intensity of the additional pulse is less than 1μm. The small amount of spherical aberration present in this focus increases the intensity of the additional pulse.
Due to chromatic aberration, the color of the pulse also changes as it propagates. To better visualize this, we made a movie of this pulse focusing by streaming together 21 measurements and using interpolation to generate 150 frames. The movie is shown in Fig. 8 . The movie is shown from the prospective of someone moving along beside the pulse as it focuses. Note that the center of the pulse color at its center changes from blue to green and then red as it propagates, because different colors are focusing at different values of z.
Other issues and comments
Each time that we moved the NSOM probe to a different z, we also adjusted the path length of the reference pulse so that there would always be zero delay between the two pulses. But in our measurements (which are automated), the adjustment did not always work perfectly, and the delay between the focusing pulse and the reference pulse was not zero for every value of z. At most it was off by ~100 fs. Because of the agreement between the simulations and the measurements, we believe that the location of the NSOM probe with respect to the focus (or the z value) is still correct (or very close), and that the varying delay was due to a drift in the reference arm of the interferometer or the inaccuracy of the stage that moves the reference pulse. Using the simulation as a reference, we recentered each E(x,t) on the time axis to the appropriate place. In the future, using better translation stages or adjusting the delay to be zero within our program, we should be able to fix this problem. We only had to make this adjustment for the aspheric lens data where we used a smaller step size in z than in any of the other measurements.
In all of our measurements, measuring E(x,t) at one z typically took about 1 min, so the measurements in Figs. 3-6 each required ~ 9 minutes, and the data for the movie required ~ 20 minutes to collect. Measuring the X-pulse required taking ~ 10 times as many points due to the small features present in the pulse's large wings, so the data shown in Fig. 6 required ~ 2 hours.
As we explained in our previous papers [20, 21] , because we have not perfectly stabilized our interferometer, it experiences a slow phase drift that only affects the absolute spectral phase. This means that we cannot measure the spatial phase of the focusing pulse, but so far we have not been interested in the quantity, which is more relevant for monochromatic light than for pulses. But, we were able to match the measurements with simulations, and we know the spatial phase from the simulations. On the other hand, SEA TADPOLE does measure the variation of all the higher-order spectral phase terms with x and t, such as the radially varying group delay (or the pulse front), the radially varying GDD, and the spectrum as a function of x, y, and z. If we ever need to know the spatial phase, we should be able stabilize the interferometer by building a box around it to isolate it from environmental factors that cause this drift [17] , or it may be possible to extract the spatial phase from our data considering that we measure E(x,t) at different z's.
Conclusions
We introduced a method for measuring the spatiotemporal electric field of focusing ultrashort pulses with sub-micron spatial resolution, femtosecond time resolution, and high spectral resolution. We made these measurements using SEA TADPOLE with an NSOM fiber probe to spatially resolve the focusing pulse. We make multiple measurements of E(x,t) at many positions throughout the focus by scanning the NSOM probe longitudinally and transversely in order to measure E (x,z,t) .
Before making any measurements, we measured the transfer function of several NSOM probes in order to find one that had a high enough numerical aperture and a smooth transfer function so that it would accurately indicate the focusing pulse at the point of interest. Then using this NSOM probe (the 500-nm diameter one shown in Fig. 2) , we tested our technique by measuring the foci produced by two different microscope objectives. The primary distortion we saw in these foci was chirp as expected and we observed some radially varying GDD in these measurements.
We also measured E(x,t) at and near the foci produced by two different plano-convex lenses (NA = 0.28, and 0.23) and an aspheric lens (NA = 0.44). To verify these measurements, we simulated these foci and found good agreement between the simulations and measurements. With the NA = 0.23 plano-convex lens, we observed the X-shaped Bessellike pulse due to its spherical aberrations. From the measurement of the focus of the aspheric lens, we made a movie of the pulse focusing. In these measurements, we were able to spatially resolve features in the intensity smaller than 1 μ m, and we observed the "fore-runner pulse"-the additional pulse that appears ahead of the main pulse before the focus, due to chromatic aberrations and overfilling the lens. To our knowledge, these are the first measurements of the spatiotemporal field of the Bessel-like due to spherical aberrations and the "fore-runner pulse."
The agreement between our measurements and simulations also verifies the validity of the non-paraxial simulations that we use for calculating the spatiotemporal field of focused ultrashort pulses which can be a very useful tool.
In the future using NSOM probes with even smaller apertures, we hope to measure even more tightly focused pulses such as those from the high NA objectives that are routinely used in microscopy.
